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1 Derivative — how to define it?

Here let us give a glance over two methodologies to evaluate subtle changes in functions, vectors,
or forms defined on generalized spaces as they are infinitesimally transported, just like differentiating
functions on Euclidian spaces. It is naturally quite trivial how to differentiate a function or a vector field
on a Euclidian space. This is just because of the so-called ”flatness”*! the space has.

In a "curved” space, strictly defined from a mathematical point of view as a manifold, however, this
invariance does not work at all. Furthermore, it is usually impossible to discuss whether two arbitrary
vectors living in different points of the manifold are parallel with each other or not. It is of great
importance to realize the difference between Euclidian spaces and generalized spaces or manifolds, in
which vectors living in different spaces are regarded as living in different tangent spaces, so are forms.

Thus, other methods are required to define ”derivatives” of vectors or forms on the manifold. Con-
cretely speaking, what we have to define is a method to move a vector to another point in order to
compare two vectors living in two separate spaces. The two methods used to do this are Lie derivative
and covarient derivative, the difference between which is the difference in ways to move a vector at
all.

2 Lie derivative
2.1 Lie derivative of a function

Let M be a n-dimentional C*° differenciable manifold, U = % and V = % vector fields, and f a
function. Here we postulate enough differentiability to them.

Let us consider an integral curve 2 of U through P, corresponding parameter \g. Function f has a
value on P f()\g), and on @ separated from P along 2l by AX with respect to parameter, f(Ag+ AN).

If
fXo) = f(Xo + AN) for VAN,

then f is called to be Lie dragged. In this case, f is constant everywhere along 2 if f is Lie dragged.

*1 Namely, when a vector is parallel transported, the vector would be parallel to the original one.



Thus here we can define
Frorar(A) = f(Ao + AX) (const.)

by using this, Lie derivative of function f can be defined by

FRorar(Po) = f(Ro) df
0 AN T d)

Ly f = lim
Uf AN—
A=Xo

This is exactly the same as a directional derivative of function f along U. Given an arbitrary coodinate
basis {z'}, L f is _
Lof=Uf,;.
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